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Abstract 

Several calculations in conformally static spacetimes rely on the introduction of an 
ultrastatic background. I describe the general properties of ultrastatic spacetimes, and 
then focus on the problem of whether a given spacetime can be ultrastatic, or conformally 
ultrastatic, in more than one way. I show that the first possibility arises iff the spacetime 
contains regions that are products with a Minkowskian factor, and that the second arises 
iff it contains regions whose spatial sections are conformal to a product space. 

PACS: 02.40.Ky; 04.20.Cv; 04.90.+e 

Keywords: Ultrastatic spacetimes; Killing vector fields; conformal Killing vector fields; 
spacetime symmetries 



*sebastiano . sonego Ouniud . it 



2 



1 Introduction 

A spacetime is ultrastatic if it admits an atlas of charts in which the metric tensor takes the 
fornP 

g = -dt 2 + gij dx i dx j , (1.1) 

where the coefficients do not depend on the coordinate t. Ultrastatic spacetimes are in- 
teresting for several reasons. First, they possess the property that the possible paths of light 
rays coincide with the geodesies of the spatial metric dx l dx^ . This follows immediately from 
Fermat's principle, which requires that J dt, hence also 

J {g^dxWf 2 , 

be extremal for light propagation. Second, in these spacetimes there are no gravitational forces 
in the following sense. If one computes the connection coefficients T a b c for the metric (11.11) . one 
finds that only the components T l jk can be nonzero. Since gravitational forces are commonly 
associated with the r* o and T l j components, only "inertial" forces of the type Y l j k x^x k act on 
a freely falling particle (here, a dot denotes the derivative with respect to a suitable parameter 
- e.g., proper time — along the particle world line)P Third, ultrastatic spacetimes are the only 
ones that admit a timelike vector field rf that is covariantly constant, i.e., such that V a ^ b = OP 
Since the condition V a i] b = expresses the fact that rf does not accelerate, rotate, or deform, 
such a vector field is an appropriate extension of the notion of an inertial frame in Minkowski 
spacetime. Related to this property, is the fact that in conformally static spacetimes (which, 
unlike the ultrastatic ones, include several cases of great physical relevance) one can simplify 
the description of many processes by reformulating them in terms of the conformally related 
ultrastatic background. This procedure has led to a unified explanation of a large number of 
otherwise puzzling effects,^ as well as to remarkable formal simplifications.- Finally, because of 
their very simple structure, which makes them just curved space generalisations of Minkowski 
spacetime, ultrastatic spacetimes are also useful for educational purposes. 

The goal of this article is to provide a reference that summarises the main properties of 
ultrastatic spacetimes. Although some of the results are elementary, to the author's knowledge 
they are not reported in the existing literature. In the next section, a chart-independent 
definition will be given, from which the coordinate representation (11.11) of the metric is derived. 
Furthermore, it will be shown explicitly that all the differential geometrical features of an 
ultrastatic spacetime, in particular its curvature tensors, are completely encoded in the spatial 
metric. Section [3] is devoted to the problem of finding the class of coordinate transformations 
that preserve the form (II -ip of the metric. Similarly, in section H] I investigate when two 
ultrastatic metrics are nontrivially conformal to each other. A brief summary of the results 
obtained is given in section EJ 

2 Definition and general properties 

A spacetime (-#, g) is called ultrastatic iff it is static - - i.e., it possesses a hypersurface- 
orthogonal timelike Killing vector field if — and, in addition, vf has constant normP Without 
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loss of generality, one can suppose that rf has unit norm, i.e., g ab rj a rj b = — 1. This is achieved 
merely through a uniform rescaling of the Killing parameter. 

Alternatively, ultrastatic spacetimes can be characterised requiring that there exist a covari- 
antly constant timelike vector field. This follows immediately from the definition and a lemma: 
rf is a hypersurface-orthogonal Killing vector field with constant norm iff it is covariantly con- 
stant. To prove this statement, write the condition for hypersurface-orthogonality, r/[ a Vt,?7 c ] = 0> 
in the form 

rjaSbVc + Vb^cVa + Vc^aVb = , (2.1) 

where Killing's equation V a r] b + ^bVa = has been used. Contracting equation (12. ip by rfrf ', and 
imposing the condition that rf has constant norm in the form r] a S/ b r] a = 0, one finds immediately 
that rf is geodesic. Finally, contracting equation (12.1 p by rf, one obtains the desired result, 
^aVb = 0. (For an alternative proof, one can use equation (C.3.12) in reference [8].) The 
converse implication, that if rf is covariantly constant then it is a hypersurface-orthogonal 
Killing vector field with constant norm, is trivial. 

The condition V a r] b = implies that the one-form rj a is closed, so locally one can introduce 
a function t on ^# such that r) a = — V i. Then, one can write 

gab = -V a tV b t + h ab , (2.2) 

where h ab is transverse to rf (i.e., rfh ab = 0) and £ v h ab = £ v g ab — 0. Introducing, on the 
t = const hypersurfaces, coordinates x l that are constant on the integral curves of vf , and 
using t as the coordinate x°, it is easy to see that rf = 8$, so t is also the Killing parameter. 
Then, h ab dx a dx 6 = dxMx J and equation (I2.2p leads to the form (II. ip for the spacetime 
metric. Of course, this is just the particular case of a static metric (see, e.g., reference [8], 
p. 119) with g 00 = g ab r] a r] b = —1. One can consider the quotient space of M with respect to 
the equivalence relation defined by the isometry generated by r] a . Clearly, 5? has a structure 
of three-dimensional Riemannian manifold with metric h = h ab dx a dx b , and the hypersurfaces 
t = const are all locally isometric to (y,h). Since r] a is the unit vector orthogonal to these 
hypersurfaces, (5? , h) can be regarded as the "rest space" of the observers with four-velocity 
r] a . This is an invariant notion based on the symmetries of («df,g), so space is unique if r] a is. 

The differential geometrical properties of ultrastatic spacetimes are completely determined 
by the spatial metric h — not surprisingly, considering equations (II. ip and (I2.2p and the fact 
that, in the coordinates t and x\ T° ab = T a bo = ^ l jk,o = OP In particular, the only components 
of the Riemann tensor R a bc d of (^#, g) that do not vanish identically, coincide with those of 
the Riemann tensor ^R a bc d of (y,h). In order to prove this, let us first notice that (y,h) 
has vanishing extrinsic curvature into (^#, g), as it follows immediately from the property 
2K ab = £ v h ab = (alternatively, since rf is covariantly constant, K ab = h a c V c T] b = 0). As a 
consequence, one of the Gauss-Codazzi equations implies that the Riemann tensor of (5? , h) is 
simply given by {3) R a bc d = h a a h b h c c h d d'R a 'b'c' d ■ Next, notice that R abc ° = R abc d r] d = V a V b r] c - 
VfcVa^c = 0. Together with the symmetry properties of the Riemann tensor, this implies that 
only the purely spatial components of R a bc d can be nonzero (equivalently, any contraction of 
R abc d with rf must vanish). Then we have simply R abc d = h a a ' h b ' h c c ' h d d ,R a , b i c d ' = (3) i? abc d . 
Since this implies R ab = ^R a b, the second Gauss-Codazzi equation is automatically satisfied. 
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From these expressions for the curvature in an ultrastatic spacetime, one can write the 
Einstein tensor as 

G ab = l - <®R V a t V b t + (%U - \ {3) R K b = l - (3) i? V a t V b t + ®G ab , (2.3) 

which obviously decomposes into a part "parallel" to if 1 and one transverse to it. Replacing 
this into Einstein's equations G ab + Ag ab = KT ab , one obtains: 

T abV a h b c = 0; (2.4) 

®R = K (3T ab r ] a r 1 b + T ab h ab ) ; (2.5) 

A=^n(T ab r ] a r ] b + T ab h ab ) . (2.6) 

Note that both the weak and the strong energy conditions imply ^R > 0. Similarly, the strong 
energy condition implies A > 0. Hence, an ultrastatic spacetime with negative spatial curvature 
and/or a negative cosmo logical constant requires "exotic matter". In any case, the energy flux 
in the frame if 1 vanishes, according to equation (12.41) . 

Finally, it is useful to write the expression for the Weyl tensor C abc d in an ultrastatic space- 
time. From equation (12.21) and the definition of C abc d one finds 

C abcd = V a t V [c t (3) i? d]6 - V b t V [c t WR^ - - ®R (V a t V le t h d]b + ha[c Vd]t V b t) , (2.7) 

where the fact that the Weyl tensor of any three-dimensional manifold — hence, in particular, 
of (y, h) — is equal to zero has been used. 

3 Ultrastatic transformations 

When discussing invariance properties in general relativity, one can take an "active" or a "pas- 
sive" view of the transformations that preserve a given propertyP In the first case, a spacetime 
is regarded as the equivalence class of all pairs (^#, g) that are related by diffeomorphisms. One 
is then interested in the set of the particular diffeomorphism (p such that both g and ip* g possess 
the property one is interested in. On the other hand, in the "passive" viewpoint, one's attention 
is focussed on a particular pair (^&, g), and invariance is characterised by the transformations 
between charts on that preserve some particular feature of the metric coefficients. These 
two descriptions are mathematically equivalent (although conceptually rather different), and 
one can use indifferently one or the other. In the following, I shall focus on the passive view. 

All the properties listed in the previous section are particularly evident in the coordinates 
t and x % used in equation (11.11) . in which rj a = 5q. Such coordinates are therefore privileged 
for describing ultrastatic spacetimes: They play a role similar to the one played by Lorentzian 
coordinates in Minkowski spacetime, being adapted to the observers who describe physical phe- 
nomena in the simplest way. For this reason, I shall refer to the coordinate representation (II. ip 
of the metric as the canonical form, and to coordinates t and x 1 in which equation (II. ip holds as 
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canonical coordinates. It is then interesting to find the set of transformations that map canoni- 
cal coordinates to canonical coordinates, hereafter called ultrastatic transformations of (.J?, g). 
This is the analogue, for ultrastatic spacetimes, of the Poincare group in Minkowski spacetime, 
whose elements map Lorentzian coordinates to Lorentzian coordinates. More explicitly, let 
x a be canonical coordinates on the ultrastatic spacetime (^#, g); a coordinate transformation 
x a — > x a on ^# is ultrastatic iff 

- dt 2 + gij dx i dx j = -di 2 + gij dx*dx j , (3.1) 

with dgij/di = 0. Obviously, transformations of the spatial coordinates alone that do not 
involve the time coordinate are of this kind, but they are not very interesting, since they only 
represent time-independent coordinate transformations on 5? . By excluding them, together 
with time translations, one remains with what can be called •proper ultrastatic transformations. 

Let us look for the generators of ultrastatic transformations, i.e., for the vector field £ a that 
appears in the most general infinitesimal transformation between canonical coordinates, 

x a ^x a = x a + e£ a (x) , (3.2) 

where x° = t, x° = i, and e is a parameterP The transformation (13. 2p implies a change 
§abi x ) ~~ ^ gab(.%) m the metric coefficients, with 

gab(x) = gab(x) - £ £zgab(%) + 0{s 2 ) . (3.3) 

In order for £ a to generate an ultrastatic transformation, we must have g QQ = — 1, g 0i = 0, and 
dgij/di = 0. Using the expression £^g ab = V a £b + Vf,£ a , the first condition gives Vo£o — 0, i.e., 
d£°/dt = 0, which implies £° = a, with a a function of the spatial coordinates x % only. The 
second condition, Vo£i + V^o = 0, becomes then d^i/dt = da/dx\ which gives 

C = tg lj d j a + f3 l , (3.4) 

where the f$ % do not depend on t. Finally, let us take the derivative with respect to t of 
equation (13. 3p for a = i, b = j. Expanding g^x) around x, using the relation 

d d dj k d 

dt dt dt dx k ' 1 j 

and keeping only first order terms in e, we find 

V, (d^/dt) + Vj (dd/dt) = . (3.6) 

Using equation (13 .4p . we arrive at the condition 

V t VjOi = . (3.7) 

In other words, h) must possess a covariantly constant field Ui such that Uj = V«a. Ex- 
cluding the trivial case a = const, such a Ui exists only if one can choose coordinates (y, z 1 , z 2 ) 
on y such that Ui = Viy and 

h = dy 2 + Gab dz A dz B , (3.8) 
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where A and B run from 1 to 2, and the coefficients Gab do not depend on yW The function 
a is then such that V^a = Viy, so a = y + a, where a is a constant. 

Since the f3 l are arbitrary functions of the spatial coordinates alone, the space of ultrastatic 
transformations is infinite-dimensionaP^ and contains the purely spatial, time-independent 
transformations x l — > x % as a subspace, generated by the vector := /3 l c?j. Similarly, the 
constant a leads to time translations. One can thus generate a proper ultrastatic transforma- 
tion setting (3 = and a = 0. The previous result implies then that nontrivial proper ultrastatic 
transformations exist only if the metric can be written as 

g = -dt 2 + dy 2 + Gab dz A dz B , (3.9) 

where the Gab depend only on the z A s. Therefore, an ultrastatic spacetime admits proper 
ultrastatic transformations iff it contains regions that are the product of a two-dimensional 
Minkowski spacetime and a two-dimensional space. The proper ultrastatic transformations are 
just Lorentz boosts in these Minkowskian sections, with generator ydo + td y in the coordinates 
(t,y,z\z 2 ). 

The main conclusion can be reached in a more straightforward way by noting that, in 
order for nontrivial proper ultrastatic transformations to exist, the spacetime must possess a 
timelike Killing vector field ( a different from n a , which is also hypersurface-orthogonal and 
has unit norm. Such a vector field can always be written as ( a = 7 (n a + VT a ), where r a is a 
spacelike unit vector field orthogonal to n a , v is a function on <M taking values in the interval 
[0, 1[ C R, and 7 = (1 — v 2 ) ^ 2 because of normalisation. Since V a Cfe = V a ^6 = 0, one finds that 
Vb^al + V a (jVTb) = 0. Contracting with r] b and using the properties r] a r a = and V a ?76 = 0, 
it follows that 7 (that is, v) must be a constant, hence that V a 7fc = 0. Thus, nontrivial proper 
ultrastatic transformations exist iff, in addition to the timelike Killing vector field r] a , there is 
also a spacelike Killing vector field r a which has unit norm and is hypersurface-orthogonalP^ 
From this it follows that a chart can be found in which the metric tensor has the form (13. 9p . 
and that a proper ultrastatic coordinate transformation is just a one-dimensional Lorentz boost 
in the direction of r a . 

4 Conformal ultrastatic transformations 

In an ultrastatic spacetime, let us suppose that there exists a coordinate transformation x a — >■ x a 
such that 

- dt 2 + gij dxW = e 2 * (-dt 2 + gij dx l dx j ) , (4.1) 

where $ is a regular non-constant function, and dg^/di = 0. In this case we shall speak of a 
conformal ultrastatic transformation. 

That transformations of this type may indeed exist, can be realised by considering the 
particular case in which g^ and g^ are both flat metrics. In this case, it is well known that 
equation (14. ip holds for nontrivial $'s, when x a — >■ x a is a special conformal coordinate trans- 
format ion D21Q3] \ s another very simple example, consider the transformations t =: e x ' sinht', 
x =: e x cosht' and t —: e* cosh a;", x =: e* sinhx" in appropriate regions of two-dimensional 
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Minkowski spacetime. These lead, respectively, to 

-dt 2 + dx 2 = e 2x ' (-dt' 2 + dx' 2 ) (4.2) 

(Rindler's metric®), and 

- dt 2 + dx 2 = e 2t " (-dt" 2 + dx" 2 ) (4.3) 

(two-dimensional Milne universe-^). Hence, they are conformal ultrastatic transformations 
corresponding to $ = x' — In (x 2 — t 2 ) 1 ^ 2 and $ = t" — In (t 2 — x 2 ) 1 ^ 2 , respectively.'®' 
Equation (14. ip can be rewritten as 

e 2 *~g ab (x) = g ab (x) = g ab (x) + e f (x) - e £ 6 g ab (x) + 0(e 2 ) , (4.4) 

where equation (13. 3p has been used and g ab {x) has been expanded around x. The 00 component 
of (14.41) becomes, remembering the conditions g o(^) — goo( x ) = — 1' 

$ = - £ da/dt + 0(e 2 ) , (4.5) 

where a := £°. The components Oi give again d£i/dt = da/dx l , so 

f = g^ [dta + F, (4.6) 



where the /3* do not depend on t. Finally, the ij components, together with equation (13.51) and 
the conditions dg i j(x)/dt = dg^{x)/di = 0, give 

d 2 a 

= Qp 8u - ( 4 - 7 ) 

If a does not depend on t, we recover the case discussed in section^ Consistently, equation (14. 5 p 
implies $ = 0(e 2 ). If, on the other hand, a does not depend on the spatial coordinates, then 
equation (14 .7p implies d 2 a/dt 2 = 0, so a is a linear function of t and $ is a constant. Interesting 
possibilities arise only if a depends on both t and at least one of the spatial coordinates. 

In the particular case of Minkowski spacetime, equation (14.71) can be easily solved in 
Lorentzian coordinates and gives 



a 



A(tx 2 + t 3 /3) +B(t 2 + x 2 ) + C-xt + D x + Et + K , (4.i 



where x denotes the Cartesian vector with components 3 , and A, B, C, D, E, K are 

constants. Equation (14. 6p then yields 

C = At 2 x i + 2BxH + - Ch 2 + DH + i . (4.9) 

One immediately recognizes in the quadratic terms of these expressions the generators of the 
special conformal transformations.'®"®' 



Coming back to the general case, rewriting equation (14. 7p in the equivalent form 

d 2 a 

ViVja + VjVia = 2 — glJ , (4. 10) 

we see that there must be a conformal Killing field u l for (J^, h), such that g^u^ = V,a and 

d 2 a 

M</ = 3— . (4.11) 

Given an ultrastatic spacetime, the steps for finding the generators of its conformal ultrastatic 
transformations are then the following ones: (1) find the conformal Killing vector fields u l of 
the spatial metric h; (2) among these fields, determine those for which Ui = g^vP is a gradient, 
so one can define a such that V»a = uf, (3) integrate the one-form Uidx 1 to find a, using also 
equation (14. lip . As an example, consider again Minkowski spacetime. The vector field that, in 
Cartesian coordinates, has components 

u l = 2\(t)x i + fi l (t) , (4.12) 

where A and \x are arbitrary functions and t is treated as a parameter, is a conformal Killing 
vector field of the (Euclidean) spatial metric, and Ui is the spatial gradient of 

a= \(t)x 2 + n(t)-x + f(t) , (4.13) 

where / is an arbitrary function. Replacing the expression (I4.13P into equation ( 14. lip we find 
X(t) — At + B, n(t) = Ct + D, f(t) = At 3 /3 + Bt 2 + Et + K, where A, B, C, D, E, K are 
constants. The resulting a coincides with the one in equation (14. 8p . (Note that one cannot 
use the generator of a special conformal transformation for the same purpose, because the 
associated one- form is not closed.) 

Let us now remind^ that if u % is a conformal Killing vector field of (J^,h), then it is a 
Killing vector field of (^, Q 2 h), for 

fi:= (gy«V)" 1/a • (4.14) 

Since, in addition, u % is hypersurface-orthogonal in our case, it follows that there must exist 
coordinates (y, z 1 , z 2 ) on 5?, such that u % = 8 l and 

Q 2 h = H{t, z) dy 2 + G AB {t, z) dz A dz B , (4.15) 

where A and B run from 1 to 2. Note that since a depends on t in general, and g^u^ = Via, 
the coordinate transformation on 5? that leads to (y, z 1 , z 2 ) may contain t as a parameter; this 
explains the possible t-dependence of the new metric coefficients. Since VL 2 g^u l u^ = 1, we find 
H = 1, so 

h = n- 2 (dy 2 + Gab dz A dz B ) . (4.16) 

Hence, an ultrastatic spacetime admits proper conformal ultrastatic transformations iff it con- 
tains regions where the spatial sections are conformal to a product space. 
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From the equality Uidx 1 = u y dy = Q 2 dy, it follows that the coordinate y is defined by the 
relation 



Ujdx 1 gjjV?dx 

it g k lU k U l 



Moreover, V;« = Ui implies that d y a = Q 2 and d^a = 0, so a and Q do not depend on the 
coordinates z 1 and z 2 , and 



a 



J dyn- 2 + <f)(t) , (4.18) 



where <fi is an unspecified function. For example, the conformal Killing vector field (I4.12p in 
Minkowski spacetime gives 

QT 2 = 4A(t) V + 4A(t) n(t)-x + fi(t) 2 , (4.19) 

and it is easy to check that df2 -2 = 4A(t) Uidx\ so Q~ 2 = e 4X ^ y by equation (I4.17p . Equa- 
tion ( I4.18P then yields 

e 4A(t)j/ U\2 

a = J\(t) + 0(t) = m X " + M ' X + 4X(t) + 0(t) • (4 ' 20) 
Replacing this into equation (14. lip we find the previous expressions for X(t) and /x(t), and 

m = \ A t i + Bt 2 -^ ) +Et + K , (4.21) 

which leads again to the expression (14.81) for a. 



5 Conclusions 

I have described the general properties of ultrastatic spacetimes. Excluding the very special 
cases of spacetimes containing regions that are products with a Minkowskian factor, I have 
shown that canonical coordinates are unique, up to time translations and purely spatial coordi- 
nate transformations. I have also shown that an ultrastatic spacetime is non-trivially conformal 
to other ultrastatic spacetimes iff it contains regions whose spatial sections are conformal to a 
product (equivalently, iff it admits conformal Killing vector fields whose associated one-form is 
exact). 

In the formalism discussed in [3], the gravitational potential in a conformally static space- 
time g) is associated with the conformal factor that links gto an ultrastatic metric. Such a 
metric is also employed in many calculations^^ If proper conformal ultrastatic transformations 
exist, the ultrastatic metric is not unique, which is a potentially dangerous circumstance for 
these approaches. The results of section 0] establish when this can be a concern. 
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